Introduction
The area of two-dimensional (2D) systems has attracted considerable research interest in the past two decades with useful and appealing research results in the areas of signal and image processing, control theory, geophysical image processing, etc. (Kaczorek 1985 , Mastorakis 1999 , Wu and Antoniou 1992 .
In studying problems related to 2D systems/®lters, the transfer function or the state space approaches can be used. The transfer function approach has been used extensively in ®lter design (Kaczorek 1985) , and the state space has been used in system analysis and synthesis because it gives a better inside of the system behaviour, and for implementation purposes (Mastorakis 1999 ).
An interesting problem is the determination of the minimal state space realization of an arbitrary 2D transfer function. Unfortunately obtaining minimal realizations for 2D systems is not always possible as in the case of 1D systems. This is due to the absence of fundamental theorem of algebra for 2D polynomials (Bose 1982) . Also it is well known that in the case of 2D or higher dimensions, simultaneous holding of observability and controllability does not necessarily imply minimal state space realization (Mastorakis 1999) . Therefore, realizing a 2D system, described by a transfer function, with a minimal state space model is an interesting and non-trivial task. The need to provide minimal realization arises not only out of hardware requirements, but also because sometimes non-minimal realizations often cause theoretical or computational di culties. Although generalized minimal realizations exist for systems with special structures, which in fact are very broad in themselves since they cover a wide range of various types of 2D systems/®lters. Examples of these minimal state space realizations are continued fraction expandable systems, all-pole and all-zero ®lters, separable all-pass ®lters, discrete time lossless bounded real functions, separable and factorable systems (Antoniou et al. 1980 , Varoutakis et al. 1987 , Antoniou 1990 , 1999 , 2001 , Venkateswarku and Eswatan 1999 , Matsumoto et al. 1990 , Ganapathy et al. 1988 , Sudhakara et al. 1986 .
In this paper, minimal state space representations are presented for 2D all-pole and all-zero discrete lattice ®lters. The dimension of the 2D state space model, of the Roesser type, is minimal.
Problem statement
For the state space realization the 2D state space model proposed by Roesser (1975) will be used. This particular 2D model has the following structure:
where the dimensions of the matrices A, b, c 0 are 2n £ 2n, 2n £ 1, 1 £ 2n, respectively. The state space matrices are formulated as`square' only due to presentation simplicity. The results as will be shown below can also be applied for non-square cases. Applying the 2D Z transform on (1), its corresponding 2D transfer function takes the following form:
where Zˆz 1 I n © z 2 I n , with © denoting the direct sum. In this paper, the problem of the minimal state space realization is considered for the case where the circuit realization has 2D all-pole or all-zero lattice structures. 1D structures can be found in many signal processing texts, but for the case of 2D lattice systems, a few results have been presented. Some circuits structures, similar to the realization in ®gures 1 and 2, can be found in Dudgeon and Mersereau (1984) , Marzetta (1978) and Harris (1979) .
In the following section, the minimal state space realizations will be presented for 2D all-pole (®gure 1) and for 2D all-zero (®gure 2) lattice ®lters.
2D lattice state space realization
To derive the equations of the 2D Roesser state space model, which will be formulated into state space matrices A, b, c 0 and the scalar d, we proceed as follows:
. Use the circuit representation, given in ®gure 1, then in ®gure 2.
. Assume that the outputs of the delay elements z The above procedure is repeated two times. One for the all-zero case and the other for the all-pole case. The resulting matrices, using the 2D Roesser state space model, are given in the following subsections:
2D all-zero lattice state space realization
The 2D state space model (1) for the case of all-zero lattice ®lters is: 
2 6 6 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 7 7 5 
2D all-pole lattice state space realization
The 2D state space model (1) for the case of all-pole lattice ®lters is:
2 6 6 6 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 7 7 7 5
2 6 6 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 7 7 5
In the following section, three examples are presented.
Examples

Example 1
For the case where nˆ1, the state space realization (3) becomes
Using (2), the 2D transfer function of (5) is
Example 2
For the case where nˆ1, the state space realization (6) becomes
Using (2), the 2D transfer function of (7) is
Note that the numerator and denominator polynomials of the transfer functions (6) and (8), corresponding to all-pole and all-zero lattice ®lters, are mirror-images as in the 2D IIR all-pass ®lters (Matsumoto et al. 1990 ).
Example 3
For 2D systems where the horizontal state vector is of order two and the vertical state vector is of order one, using the derived state space equations (3) yields 
Using (2), the 2D transfer function of the state space model (9) is
… 10 † For k 3ˆ0 the above equation (10) becomes
which is the same with the result of the`square' case, nˆ1, given by equation (6). Note that the relationships between the coe cients of the denominator or numerator polynomials are directly related to the corresponding all-pole and all-zero circuit realizations, as given in ®gures 1 and 2.
Conclusion
Two state space realizations were presented for all-pole and all-zero lattice discrete 2D ®lters. The state space equations were derived by inspection from the corresponding circuit implementations . The dimension of the state space vector, of the Roesser type, has minimal dimension. It is noted that the extension of the results to higher dimensions is straightforward.
